Financial returns series typically exhibit excess kurtosis and volatility clustering. The GARCH is often applied to describe these two stylized facts. Nevertheless, all excess kurtosis in stock returns cannot be captured by this model. In presence of such dynamics, a non-linear model in variance cannot take into account all the non-linearity in returns. The aim of this work is the study of relationships between chaotic dynamics, and outliers as well as their impact on Value at Risk. In this paper, our empirical study is based on the daily Nikkei returns series from 06/01/1987 to 14/03/2001. We apply the traditional GARCH and the MackeyGlass-GARCH (Kyrtsou and Terraza (2003)) both to the initial and the filtered Nikkei returns series without outliers. The performance test of Lopez (1988) for Value at Risk models is then applied to determine the best model. We show that during the period of estimation, the GARCH and the Mackey-Glass-GARCH VaR models with (without) outliers at 95% overestimate (underestimate) risks. The filtering of outliers lead to underestimation of risk more accentuated during the Asian crisis period confirming the presence of severe distortions in the underlying structure of the series when removing extreme events. During this period, the Mackey-Glass-GARCH is better than the GARCH comparing the hedging rates.
Introduction
The new regulations on banking supervision gave new dimensions in the application of Value-at-Risk (VaR) technique. During the last 10 years, VaR measures as well as its parametric estimation based on the volatility of stock returns have been considered as the standard measure of risk [1, 7, 21, 22, 23] .
Recent studies have shown the temporal dependence of squared returns. To capture this type of dependence, different variants of ARCH models have been used. The Riskmetrics system proposed by the JP Morgan Bank (1996) could eventually explain the popularity of the traditional stochastic approach using an IGARCH process without constant to model the variance. However, Pafka and Kondor [21] provided evidence that this model is inadequate to describe volatility behaviour. Even if alternative models have been proposed to estimate the Value at Risk (PGARCH, APARCH), the strong remaining structure in the standardised residuals is a proof that pure stochastic models cannot isolate and filter complex underlying dynamics. The discovery of high-dimensional chaotic dynamics has changed our point of view on the source of financial fluctuations and excessive returns. Financial markets are governed by more complicated and richer dynamics. In an uncertain and volatile world, assumptions about rational and homogenous investors, linear incorporation of the information into stock prices, and pure stochastic nature of fluctuations cannot hold out against critics. We think that a mixed theory containing both endogenous and exogenous explanations of the observed anomalies would be more rational and realistic. Recent empirical works on noisy chaos of Kyrtsou and Terraza [15, 16] Kyrtsou and Labys [10, 11] , Kyrtsou and Serletis [12] , Kyrtsou et al. [13] have revealed the existence of chaotic structures in the mean of macroeconomic and financial returns series. The interactions between endogenous and exogenous forces in the market lead to complex dynamics that are incorporated into prices. Financial returns series typically exhibit excess kurtosis and volatility clustering. That is, large observations occur more often than one might expect for a normally distributed variable. The GARCH model often applied to describe these two stylized facts cannot capture all excess kurtosis and high Jarque-Bera. This is mainly due to the fact that some outliers or extreme values contaminate series so that the conditional distribution looks heavy tailed. Some researches suggested to correct the data for outliers when using GARCH models (Franses and Ghijsels [4] , Van Dijk et al [2] . They found that neglecting outliers could erroneously suggest misspecification or inadequate descriptive models for financial modeling. However, outliers can be the result of the system behaviour itself and as a structural attribute its removal can destroy valuable information in the underlying generating mechanism (Kyrtsou [9] ). In that case treating outliers only as an exogenous distortion of the series can deteriorate the explicative power of the modelling.
The aim of this work is the study of relationships between chaotic dynamics, and outliers as well as their impact on Value at Risk. Theoretical conclusions of Kyrtsou and Malliaris [14] on the removal of outliers find their application here. In this paper we compare the traditional VaR-GARCH with the VaR-MackeyGlass-GARCH modeling both to the initial and the filtered NIKKEI returns series i.e. the series where outliers have been removed.
Methodology and empirical results
The economic market behaviour is governed by complex dynamical systems, which are typically marked by interactions and feedbacks between their components or subsystems. These feedbacks can efficiently be described by a time-delayed self-interaction of the subsystems. The resulting delayed feedback dynamics have been modelled successfully by delay equations.
Noisy chaotic dynamics and outliers
Well-known example of non-linear equation is the Mackey-Glass process (discrete version) [19] :
The choice of lags τ and c in eqn. (1) is crucial since determine the dimensionality of the system. Kyrtsou and Terraza [16] have developed a stochastic version of the deterministic Mackey-Glass model, where the error term is supposed to follow an ARCH(1) process.
where: ε t I t ∼N(0,h t ) with h t the conditional variance
This chaotic model is interesting because of its similarity to economic and financial series; it is non-linear in mean and variance. The economic data look rather random and show weak significance of low-dimensional non-linear dynamics. They are the outcome of a high-dimensional (noisy chaotic) attractor produced by a more or less simple delayed feedback system. The subtraction of the detected outliers (outliers are identified using the Freedman et al. definition. (Freedman, D., Pisani, R., and Purves, R., (1978): Statistics, New York: W.W. Norton)) from the initial returns series gives the filtered series. The GARCH and the Mackey-Glass-GARCH will be applied both to the Nikkei and the filtered returns series.
Empirical analysis
First, we carry out a preliminary analysis showing the existence of linear and non-linear structures in the daily Nikkei returns series (from 06/01/1987 to 14/03/2001). The series is widely asymmetric with skewness=-0.142 and leptokurtic with kurtosis=12.205, i.e. non-normal with Jarque-Bera=13084.83. Several other tests for general and neglected non-linearity are used i.e. White [26] , Theiler et al. [24] , Hinich [5, 6] , McLeod-Li [20] , Engle [3] and Tsay [25] tests (see Kyrtsou and Terraza [17] ). Hereafter, we use dlnikkei for the initial returns and adlnikkei for the filtered returns. For presentation purposes, obtained results are not reported here. They are however available upon request. Running the tests for non-linearity lead to the conclusion that the dlnikkei series is nonlinear in mean and variance while the adlnikkei series is non-linear only in variance.
In the aim to identify the hidden dynamics causing abnormal returns and likely extreme observations we will employ a Mackey-Glass-GARCH process. The results from the estimations of the benchmark simple GARCH and the new chaotic GARCH models are given in tables 1 and 2 for the dlnikkei series and in tables 3 and 4 for the adlnikkei series. Comparing the results, outliers filtering seems to diminish the sample statistics of the standardized residuals. Justifying the absence of non-linearity in mean based on the inexistence of outliers is not as simple as it looks. Recent empirical works show that similar results can be spurious due to the distortions induced by the removal procedure of outliers. Certainly we cannot deny the possibility that the dynamics, which are modelled by the feedback-trading rule of the mean chaotic equation, are part of the underlying forces producing sudden changes in market prices. However the fact that eliminating extreme events removes important information should make us more cautious about accepting similar statements. One we need in order to cross-validate such an assumption is to estimate risk on the filtered series and then check if improvements are achieved. This issue will be addressed in the next section.
Performance tests for value at risk models
To test the performance of VaR models in the binomial approach, the number of failures or exceptions is counted on the observation period, and then expected returns are compared with estimations of VaR. If, the loss exceeds the amount of the VaR, an exception is observed. In fact, the test is based on a binary measure from an indicator variable noted I t . We use the Lopez [18] test:
The number of exceptions divided by the observation period defines the failure rate. This ratio compared with the probability of the VaR model gives the proportion of times where the VaR amount is exceeded. From this measure, a hedging index may be constructed to facilitate the interpretations of results.
The dlnikkei series
In Tables 5 and 6 we report the number of exceptions, the failure rate and the hedging index of the VaR GARCH and the VaR Mackey-Glass-GARCH models at 95%. More precisely, for each sample, we show overestimations of risks. The obtained results show that on average the models hedge the negative losses, since the hedging index is 95% for the GARCH model and equal to 95.2% for the Mackey-Glass-GARCH model. One exception appears in bold, the period from 01/01/95 to 31/12/1998, which includes the Asian crisis 1997--1998. During this period, the Value at Risk is underestimated, and so our models are not valid. However, the MackeyGlass-GARCH gives the best estimations of the hedging rate (94.1%) against 93.8% for the GARCH model. So, it seems that the noisy chaotic model is able to take into account extreme risks occurring over volatile periods (crises). Comparing the number of observed exceptions in Tables 5 and 6 , it is obvious that the Mackey-Glass-GARCH model outperforms the simple GARCH model. This means that within periods where exceptional risks are observed, the noisy chaotic approach can be more efficient than the traditional stochastic. This conclusion is concretised in figure 1 .
As we can see there are under-hedge periods where the probability is inferior to 95%. From 06/01/1987 to 14/03/2001, on average, risks are overestimated at 95%. Similar results have been obtained in Alexander and Leigh [1] . They provided evidence that the ARCH type models (particularly the Riskmetrics model) are generally accepted at 95%. 
The adlnikkei series
The second stage of our analysis is to repeat the same procedure this time for the adlnikkei series (without outliers). Tables 7 and 8 give the number of exceptions at 95% for both models. The conclusions are quite different comparing Tables 5, 6 and 7, 8. The VaR is underestimated at 95% by the two models, even more in the case of the Mackey-Glass-GARCH model. More precisely, for each sample, there are no significant differences concerning the number of exceptions between the two models. During the period of crisis (01/01/1995 to 31/12/1998), hedging index is equal to 94% and 93.7% for the GARCH and the Mackey-Glass-GARCH models respectively. An important characteristic is that figures 1 and 2 keep the same shape. Table 7 :
Number of exceptions at 95% for the GARCH model (adlnikkei). 
Conclusion
The use of a Mackey-Glass-GARCH model for filtering non-linear structures in stock series can reduce the potential informational bias in the estimation of risk involving underestimation of risk (during crises period). Indeed, extreme risks come from both heterogeneous behaviors of agents and external events. GARCH models are not sufficient for taking into account these two risk sources.
Interactions between endogenous and exogenous dynamics in financial returns contain information that is valuable for risk estimation. Furthermore, it seems that the removal of extreme observations is not the solution to the problem of risk overestimation. During extreme events, the removal of outliers calls into question the VaR methodology. Important characteristics of the nature of shocks can be lost. This result is quite evident since as Kyrtsou [9] underlines: "removal (of outliers) may lead to serious distortions of the structure of the signal". In turn, the filtering of highdimensional structures employing the Mackey-Glass-GARCH directly on the initial returns series improves the estimation of risk. Other financial applications on market indexes are needed to comfort our results. Technically, an eventual extension of the present paper could concern further investigation of alternative high-dimensional chaotic schemas and their impact on VaR calculation. These works will be presented in the near future.
